ISRN Mathematical Analysis
where the multiplication operator M g is defined by
Furthermore, Volterra integral equations arise in many physical applications see 2-4 . In the past few years, many authors focused on the boundedness and compactness of Volterra-type integral operator between several spaces of holomorphic functions. In 1 , Pommerenke showed that J g is a bounded operator on the Hardy space H 2 . The boundedness and compactness of J g f and I g f between some spaces of analytic functions, as well as their n-dimensional extensions, were investigated in [5] [6] [7] [8] [9] [10] [11] .
For functions f ∈ H, the integral operators J g f and I g f contain well-known integral operators in the analytic function theory and geometric function theory such as the generalized Bernardi-Libera-Livingston linear integral operator cf. 12-14 and the Srivastava-Owa fractional derivative operators cf. 15, 16 . Recently, Breaz and Breaz introduced two integral operators of analytic functions taking the form 1.1 and 1.2 see 17 . Further, the integral operators of Volterra-Type involving the integral operators were studied in 18-22 . Finally, these operators are involving the Cesáro integral operator see [23] [24] [25] .
A function f ∈ H is called in the class Σ if and only if it has the norm see 26
Note that the fraction T f : f z /f z is called pre-Schwarzian derivative which is usually used to discuss the univalency of analytic functions see 27 . Moreover, the norm in 1.5 is a modification to one defined in 28 . The purpose of this paper is to study the boundedness, compactness, and some geometric properties of the integral operators J g f and I g f for the functions f ∈ Σ and g is an analytic function on the open unit disk.
The Boundedness and Compactness
In this section, we consider the boundedness and compactness of the operators J g f and I g f on the classes Σ.
Consider the space B log of all functions f ∈ H which are satisfying
Theorem 2.1. Assume that g is an analytic function on U. Then, for functions f ∈ B log , J g is bounded if and only if g ∈ Σ.
2.2
By taking the supremum for the last assertion over U and using the fact that the quantity
is finite, the boundedness of the operator J g follows.
Theorem 2.2. Assume that g is an analytic function on U. Then,
Proof. Assume that g ∈ B log . Then, we obtain
2.5
By taking the supremum for the last assertion over U, the boundedness of the operator I g follows. Conversely, assume that I g : Σ → Σ is bounded, then there is a positive constant C such that Proof. If J g is compact, then it is bounded, and by Theorem 2.1 it follows that g ∈ Σ.
Now assume that g ∈ Σ, that f n n∈N is a sequence in B log , and f n → 0 uniformly on U as n → ∞. Now for every ε > 0, there is δ ∈ 0, 1 such that
2.21
Since for f n → 0 on U we have f n B log → 0, and that ε is an arbitrary positive number, by letting n → ∞ in the last inequality, we obtain that lim n → ∞ J g f n 0. Therefore, J g is compact.
Theorem 2.4. Assume that g is an analytic function on U. Then, the integral operator I g : Σ → Σ is compact if and only if g is a constant defer from zero.
Proof. Assume that g is a constant without loss of generality and assume that f z z. Then, it is clear that I g is compact.
Conversely, assume that I g : Σ → Σ is compact. Let z n n∈N , be a sequence in U such that |z n | → 1 as n → ∞. Our aim is to show that g z n → 0 as n → ∞, then by the maximum modulus theorem, we have g is a constant. In fact, setting f n z 2 z n z − 1 z n 1 ln 1 1 − z n z 
2.23
Consequently, we have f n z n f n z n 0.
2.24

